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A modfied mean curvature flow
in Euclidean space and soap bubbles
in symmetric spaces
Naoyuki Koike
Abstract
In this paper, we show that small spherical soap bubbles in irreducible simply
connected symmetric spaces of rank greater than one are constructed from the
limits of a certain kind of modified mean curvature flows starting from small
spheres in the Euclidean space of dimension equal to the rank of the symmetric
space, where we note that the small spherical soap bubbles are invariant under
the isotropy subgroup action of the isometry group of the symmetric space.
Furthermore, we investigate the shape and the mean curvature of the small
spherical soap bubbles.
1 Introduction
Let f be an immersion of an n-dimensional compact oriented manifold M into an
(n+ 1)-dimensional oriented Riemannian manifold (M˜, g˜). If f is of constant mean
curvature, then f(M) is called a soap bubble. Soap bubbles in the Euclidean space
have studied by many geometers. In 1989, W.T. Hsiang and W.Y. Hsiang ([HH])
studied isoperimetric soap bubbles in the product space Hn1(c1)× · · · ×Hnk(ck) of
hyperbolic spaces or Hn1(c1)× · · · ×Hnk(ck)×Rnk+1 , where “isoperimetric” means
that the soap bubble is a solution of the isopermetric problem. They proved that
all isoperimetric soap bubbles in the product spaces are invariant under the isotropy
subgroup action of the isometry group of the product space. Also, they ([HH])
proved that isoperimetric soap bubbles with the same constant mean curvature in
Hn1(c1)×R are congruent. Furthermore, they found the lower bound of the constant
mean curvatures of isoperimetric soap bubbles inHn1(c1)×Hn2(c2) orHn1(c1)×Rn2 .
In 1992, W.Y. Hsiang ([Hs]) found the lower bound of the constant mean curvatures
of (not necessarily isoperimetric) soap bubbles in a rank l(≥ 2) symmetric spaceG/K
of non-compact type and, in the case where G/K is irreducible, he gave the explicit
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description of the lower bound by using the root system of G/K. Furthermore, he
proved that, for each real number b greater than the lower bound, there exists a
K-invariant spherical soap bubble of constant mean curvature b in G/K.
In this paper, we introduce the notion of a weighted root system and define the
modified mean curvature flow in a Euclidean space associated to the system. We
show that the flows starting from small spheres exist in infinite time and converge
to an embedded hypersurfaces in C∞-topology. Furthermore, in the case where the
system is one associated to an irreducible simply connected symmetric space of rank
greater than one, we show that spherical soap bubbles in the symmetric spaces are
constructed from the limit hypersurfaces of the flows starting from small spheres
and investigate the shape and the mean curvature of the spherical soap bubbles.
First we shall introduce the notion of a weighted root system. Let S = (V, (△,
{mα |α ∈ △}, ε)) be a system satisfying the following four conditions:
(i) V is a l(≥ 2)-dimensional real vector space equipped with an inner product
〈 , 〉,
(ii) △ is a subset of the dual space V ∗ of V and it is a root system of rank l in
the sense of [He] (i.e., it is of type al , bl , cl , dl , bdl , e6 (in case of l = 6), e7 (in
case of l = 7), e8 (in case of l = 8), k4 (in case of l = 4), g2 (in case of l = 2)),
(iii) mα (α ∈ △) are positive integers and ε is equal to 1 or −1.
We call the system S a weighted root system and l the rank of the system. Denote
by rankS the rank of S. Let W be the group generated by the reflections with
respect to α−1(0)’s (α ∈ △). We call W the reflection group associated with S. Let
Si = (Vi, (△i, {mα |α ∈ △i}, εi)) (i = 1, 2) be weighted root systems. If ε1 = ε2 and
if there exists a linear isometry Φ of V1 onto V2 satisfying
(i) {α ◦Φ |α ∈ △2} = △1,
(ii) mα◦Φ = mα (α ∈ △2),
then we say that S1 is isomorphic to S2 and call Φ an isomorphism of S1 onto S2.
Let S = (V, (△, {mα |α ∈ △}, ε)) be a weighted root systems. Let SV (r) is the
sphere of radius r centered at the origin in V . The reflection group W preserves
SV (r) invariantly and hence it acts on SV (r). Let △+(⊂ △) be the positive root
system under a lexicographic ordering of V ∗ and δ(∈ △+) the highest root. See
[He] about the definitions of the positive root system and the highest root. Define
a positive number rS by
rS :=
{ π
||δ|| (in case of ε = 1)
∞ (in case of ε = −1),
where ||δ|| is the norm of δ with respect to the inner product of V ∗ induced from 〈 , 〉.
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Let BV (rS) be the open ball of radius rS centered at the origin in V and set BS :=
BV (rS) \ {0}. Fix r ∈ (0, rS). Denote by C∞W (SV (r), V ) (resp. C∞W (SV (r), BS))
the space of all W -equivariant C∞-maps from SV (r) to V (resp. BS) and by
Imm∞W (SV (r), V ) (resp. Imm
∞
W (SV (r), BS)) the space of all W -equivariant C
∞-
immersions of SV (r) into V (resp. BS). For φ ∈ Imm∞W (SV (r), BS), define a W -
invariant function ρS,φ over SV (r) by
(1.1) ρS,φ(Z) :=
∑
α∈△+
mα
√
εα(ν(Z))
tan(
√
εα(φ(Z))
(Z ∈ SV (r)),
where ν(: SV (r)→ SV (1)) is the Gauss map of φ (defined by assigning the outward
unit normal vector of φ at Z to each point Z of SV (r)). Note that, if α(φ(Z)) = 0,
then we have ν(Z) = φ(Z)||φ(Z)|| and hence
√
εα(ν(Z))
tan(
√
εα(φ(Z)))
implies 1||φ(Z)|| . Define a map
DS from Imm∞W (SV (r), BS) to C
∞
W (SV (r), V ) by
(1.2) DS(φ) :=
(∫
SV (r)
(||∆ĝφ||+ ρS,φ) dvĝ∫
SV (r)
dvĝ
− (||∆ĝφ||+ ρS,φ)
)
ν
for φ ∈ Imm∞W (SV (r), BS), where g is theW -invariant metric on SV (r) induced from
〈 , 〉 by φ, dvĝ is the volume element of ĝ, ∆ĝ is the Laplace operator with respect
to ĝ and || · || is the norm of (·) with respect to 〈 , 〉. We consider the following
evolution equation
(ES)
∂φt
∂t
= DS(φt)
for a C∞-family φt in Imm∞W (SV (r), BS). Since ||∆ĝtφt|| is the mean curvature
of φt, this evolution equation is interpreted as a modified volume-preserving mean
curvature flow equation in V , where ĝt is the W -invariant metric on SV (r) induced
from 〈 , 〉 by φt. Denote by ιr the inclusion map of SV (r) into V . It is clear that ιr
is W -equivariant.
First we prove the following result for the evolution equation (ES).
Theorem A. Let S = (V, (△, {mα |α ∈ △}, ε)) be a weighted root system and ιr the
inclusion map of SV (r) into V . Then there exists a positive constant R0 smaller than
rS
8 such that, if r < R0, then the solution φt of the evolution equation (ES) satisfying
the initial condition φ0 = ιr uniquely exists in infinite time and φti converges to aW -
equivariant C∞-embedding φ∞ of SV (r) into BS (in the C∞-topology) as i→∞ for
some sequence {ti}∞i=1 in [0,∞) with limi→∞ ti = ∞. Furthermore, φt (0 ≤ t < ∞)
remain to be strictly convex and hence so is also φ∞.
3
Let G/K be an irreducible simply connected rank l(≥ 2) symmetric space of
compact type or non-compact type. A weighted root system of rank l is defined for
G/K in a natural manner (see Section 3). We call this system the weighted root
system associated with G/K and denote it by SG/K . Let SG/K = (V, (△, {mα |α ∈
△}, ε)), where we note that
ε =
{
1 (when G/K is of compact type)
−1 (when G/K is of non-compact type).
The vector space V is identified with the tangent space TeKT of a maximal flat
totally geodesic submanifold T in G/K through eK, where e is the identity element
of G. In the case where G/K is of compact type, T is identified with the quotient
space V/Π of V by a lattice Π in V , and in the case where G/K is of non-compact
type, it is identified with V oneself. For convenience, let Π = {0} in the case where
G/K is of non-compact type. Let W be the reflection group associated with SG/K .
Then it is shown that Π is W -invariant. Denote by π the quotient map of V onto
V/Π = T and r(G/K) the injective radius of G/K. Note that r(G/K) =∞ in the
case where G/K is of non-compact type. It is easy to show that r(G/K) = rSG/K .
The main theorem in this paper is as follows.
Theorem B. Let S = (V, (△, {mα |α ∈ △}, ε)) and ιr as in Theorem A. Assume
that r < R0 and S is isomorphic to one associated to an irreducible simply connected
rank l(≥ 2) symmetric space G/K of compact type or non-compact type, where R0
is as in Theorem A. Then the following statements (i)− (iii) hold.
(i) The hypersurface M := K · π(φ∞(SV (r))) in G/K is a K-invariant strictly
convex spherical soap bubble in G/K, where φ∞ is as in Theorem A.
(ii) Let C(⊂ V ) be a Weyl domain (i.e., a fundamental domain of the reflection
group W ) and θ0 the element of (0,
pi
2 ) defined by
θ0 := max
P
max
Z1∈Pmax
max
Z2∈Pmin,Z1
∠Z10Z2
(
= max
P
max
Z1∈Pmin
max
Z2∈Pmax,Z1
∠Z10Z2
)
,
where ∠Z10Z2 denotes the angle between
−−→
0Z1 and
−−→
0Z2, P moves over the Grass-
mannian of all two-planes in V , Pmax (resp. Pmin) denotes the set of all the maximal
(resp. minimal) points of the function ρS,ιr over SV (r) ∩ C ∩ P (C : the closure
of C) and Pmax,Z1(⊂ Pmax) (resp. Pmin,Z1(⊂ Pmin)) denotes the set (which is at
most two-points set) of all the maximal (resp. minimal) points neighboring Z1 in
SV (r) ∩ C ∩ P of the function. Then we have
M ⊂ B
(
r
cos θ0
)
\B(r cos θ0),
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where B(r cos θ0) (resp. B(
r
cos θ0
)) is the closed geodesic ball of radius r cos θ0 (resp.
r
cos θ0
) in G/K centered at eK.
(iii) Let ηmax and ηmin be the functions defined by
ηmax(s) := max
Z∈SV (1)
(
ρS,ιs(Z) +
l − 1
s
)
and
ηmin(s) := min
Z∈SV (1)
(
ρS,ιs(Z) +
l − 1
s
)
.
Then the constant mean curvature HM of M satisfies ηmin(r) ≤ HM ≤ ηmax(r).
Remark 1.1. For convenience, denote by M(r) and H(r) the soap bubble M and
the mean curvature HM as in the statement of Theorem A, respectively. Since the
volume of the domain surrounded by M(r) is strictly increasing (and continuous)
with respect to r, it is shown that H(r) is strictly decreasing (and continuous)
with respect to r. Easily we can show lim
r→0
ηmax(r) = lim
r→0
ηmin(r) = ∞ and hence
lim
r→0
H(r) =∞. On the other hand, in the case where G/K is of non-compact type,
we have
lim
r→∞ ηmax(r) = maxZ∈SV (1)
∑
α∈△+
mα|α(Z)|(=: bmax(G/K))
and
lim
r→∞ ηmin(r) = minZ∈SV (1)
∑
α∈△+
mα|α(Z)|(=: bmin(G/K)).
Hence we obtain
bmin(G/K) ≤ lim
r→∞H(r) ≤ bmax(G/K).
By using (ii) of Theorem B, we can derive the following result.
Corollary C. Under the hypothesis of Theorem B, set
θG/K := max
(Z1,Z2)∈SV (r)∩C
∠Z10Z2.
Then we have
M ⊂ B
(
r
cos θG/K
)
\B(r cos θG/K).
In particular, we obtain the following result in the case where G/K is of rank
two.
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Corollary D. Under the hypothesis of Theorem B, assume that the rank of G/K
is equal to two. Then we have
M ⊂

B
(
2r√
3
)
\B
(√
3r
2
)
(△ : (a2)−type or (g2)−type)
B(
√
2r) \B
(
r√
2
)
(△ : (b2)−type).
According to Corollary D, when the root system of G/K is of type a2, φ∞(SV (r))
is as in Figure 1 for example.
V
SV (
2r√
3
)
φ∞(SV (r))
C
SV (
√
3r
2 )
The six corners of φ∞(SV (r)) are smooth.
The six edges of φ∞(SV (r)) are curved.
Figure 1.
2 The volume-preserving mean curvature flow
In this section, we shall recall the definition of the volume-preserving mean curvature
flow and the result of N.D. Alikakos and A. Freire ([AF]) for this flow. Let M be an
n-dimensional compact oriented manifold, (M˜ , g˜) be an (n+1)-dimensional oriented
Riemannian manifold and f an immersion of M into M˜ . Also, let {ft}t∈[0,T ) be a
C∞-family of immersions of M into M˜ , where T is a positive constant or T = ∞.
Define a map F : M × [0, T ) → M˜ by F (x, t) = ft(x) ((x, t) ∈M × [0, T )). Denote
by πM the natural projection of M × [0, T ) onto M . For a vector bundle E over
M , denote by π∗ME the induced bundle of E by πM . Denote by gt and Nt the
induced metric and the outward unit normal vector of ft, respectively. Also, denote
by Ht the mean curvature of ft for −Nt. Define the function H over M × [0, T ) by
H(x,t) := (Ht)x ((x, t) ∈M × [0, T )), the section g of π∗M (T (0,2)M) by g(x,t) := (gt)x
((x, t) ∈ M × [0, T )) and the section N of π∗M(TM˜ ) by N(x,t) := (Nt)x ((x, t) ∈
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M × [0, T )), where T (0,2)M is the tensor bundle of (0, 2)-type of M and TM˜ is the
tangent bundle of M˜ . The average mean curvature H(: [0, T )→ R) is defined by
Ht :=
∫
M Htdvgt∫
M dvgt
,
where dvgt is the volume element of gt. G. Huisken ([Hu3]) called the flow {ft}t∈[0,T )
a volume-preserving mean curvature flow if it satisfies
F∗
(
∂
∂t
)
= (H −H)N.
He studied this flow in [Hu3]. Along this flow, the volume of (M,gt) decreases but
the volume of the domain Dt sorrounded by Mt := ft(M) is preserved invariantly.
In particular, if ft’s are embeddings, then we call {Mt}t∈[0,T ) rather than {ft}t∈[0,T )
a volume-preserving mean curvature flow.
Assume that M˜ is compact. Let S be a geodesic sphere in M˜ such that, for
any point p of the domain surrounded by S, S lies in a geodesically convex domain
of p (in M˜), and ιS the inclusion map of S into M˜ . Then, according to Main
Theorem of [AF], it is shown that, if S is a small geodesic sphere of radius smaller
than some positive constant among the above geodesic spheres, then for any strictly
convex C∞-embedding f of S into M˜ which is sufficiently close to ιS , there exists
the volume-preserving mean curvature flow ft starting from f in infinite time, each
ft is strictly convex and fti converges to a strictly convex C
∞-embedding f∞ of
constant mean curvature (in C∞-topology) as i→∞ for some sequence {ti}∞i=1 with
limi→∞ ti = ∞. Furthermore, if all critical points of the scalar curvature functions
of ft’s are non-degenerate, then ft converges to the embedding f∞ (in C∞-topology)
as t→∞. Note that the positive constants δi and εi (i = 0, 1, 2, 3) in the statement
of Main Theorem of [AF] are taken as
δ3 < δ2 < δ1/2 < δ0/4 and ε3 < ε2 < ε1/2 < ε0/4
(see P258,291 and 296 of [AF]) and that δ0 and ε0 are taken as in P257 of [AF]. By
the compactness of M˜ , the existenceness of the positive constant δ0 in Page 257 of
[AF] is assured. Hence the existencenesses of δi (i = 1, 2, 3) also are assured. In the
case where M˜ is homogeneous, it is clear that their existencenesses are assured even
if it is not compact. Hence the statement of Main Theorem of [AF] is valid in the
case where M˜ is a (not necessarily compact) homogeneous space. Also, we note that
the statement of Main Theorem of [AF] does not hold without the assumption that
f is sufficiently close to ιS . For example, in the case where f is a strictly convex
embedding of a small geodesic sphere S into M˜ = Sn+1(1) (which is not close to
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ιS) as in Figure 2, the volume-preserving mean curvature flow ft starting from f
(0 ≤ t < ∞) does not remain to be strictly convex. This fact is stated in Remarks
of Page 38 of [Hu3].
f(S) (strictly convex)
ft(S) (not strictly convex)
M˜ = Sn+1(1)
f is not close to ιS .
Figure 2.
3 The mean curvatures of hypersurfaces invariant under
the isotropy action
Let G/K be an irreducible simply connected symmetric space of compact type or
non-compact type. In this section, we shall first define the weighted root system
associated with G/K. Set n := dim(G/K) − 1 and l := rank(G/K). Let g (resp.
k) be the Lie algebra of G (resp. K) and g = k + p the canonical decomposition
associated with the symmetric pair (G,K). The space p is identified with the tangent
space TeK(G/K) of G/K at eK, where e is the identity element of G. Take a
maximal abelian subspace a of p. Let △(⊂ a∗) be the (restricted) root system of
the symmetric pair (G,K) with respect to a and pα the root space for α ∈ △. See
[He] about the definitions of these notions. Then we have the following root space
decomposition:
p = a⊕
(
⊕
α∈△+
pα
)
,
where △+ is the positive root system under some lexicographic ordering of a∗. Set
mα := dim pα (α ∈ △). LetW be the Weyl group of G/K with respect to a (i.e., the
group generated by the reflections with respect to the hyperplanes α−1(0)’s (α ∈ △)
in a), which acts on a, C(⊂ a) be a Weyl domain (i.e., a fundamental domain of the
action W y a) and Sa(r) be the sphere of radius r centered at the origin 0 in a. The
isotropy group K acts on G/K naturally. This action is called the isotropy action
of G/K. Denote by exp the exponential map of G and Exp the exponential map of
G/K at eK. Set T := Exp(a), which is a maximal flat totally geodesic submanifold
of G/K. Note that T is identified with the quotient a/Π by a W -invariant lattice
Π in a in the case where G/K is of compact type, and it is identified with a oneself
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in the case where G/K is of non-compact type. Set
(3.1) ε :=
{
1 (when G/K is of compact type)
−1 (when G/K is of non-compact type).
Then the system S := (a, (△, {mα |α ∈ △}, ε)) is a weighted root system. We call
this system the weighted root system associated with G/K and denote it by SG/K .
Next we shall describe explicitly the mean curvatures of K-invariant hypersur-
faces in G/K in terms of the roots. As a special case, those of geodesic spheres
in G/K are described explicitly. Let Ma be a W -invariant star-shaped hypersur-
face (at the origin 0) in a. Assume that, in the case where G/K is of compact type,
maxZ∈Ma d(0, Z) is smaller than the injective radius r(G/K) of G/K, where d is the
Euclidean distance of a. SetMT := Exp(Ma) andM := K ·MT (= K ·(Exp(Ma∩C)).
Note that MT and M are hypersurfaces in T and G/K, respectively. Denote by N
the outward unit normal vector field of M(⊂ G/K), and A and H the shape oper-
ator and the mean curvature of M(⊂ G/K) for the inward unit normal vector field
−N , respectively. Also, denote by AT and HT those of MT (⊂ T ) for the inward
unit normal vector −N |MT , respectively, and Â and Ĥ those of Ma(⊂ a) for the
inward unit normal vector, respectively. Take any Z ∈ Ma ∩ C. Denote by LZ the
K-orbit K · ExpZ, which is a principal orbit of the K-action because Z ∈ C. We
have
TExpZLZ = (exp Z)∗
(
⊕
α∈△+
pα
)
.
Denote by AZ the shape tensor of LZ(⊂ G/K). Take Xα ∈ pα (α ∈ △+). Then we
have
(3.2) AZNExpZ ((exp Z)∗Xα) = −
√
εα((exp Z)−1∗ (NExpZ))
tan(
√
εα(Z))
(exp Z)∗Xα
by suitably rescaling of the metric of G/K (see [GT],[K1],[K2]), where 1
tan(
√
εα(Z))
=
0 in case of
√
εα(Z) = pi2 . In the sequel, we give G/K this rescaled metric. The
vector field N |LZ is a K-equivariant normal vector field along LZ . Hence, since
the K-action is a hyperpolar action, it is a parallel normal vector field of LZ (see
Theorem 5.5.12 of [PT]). Hence, we have
(3.3) AZNExp(Z) = −AExpZ |TExpZLZ ,
where we note that AExpZ denotes the value of A at ExpZ. In the sequel, we express
AExpZ as A for simplicity. From (3.2) and (3.3), we obtain
(3.4) A((exp Z)∗Xα) =
√
εα((exp Z)−1∗ (NExpZ))
tan(
√
εα(Z))
(exp Z)∗Xα.
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Take X0 ∈ a⊖ Span{NExpZ}. Since T is totally geodesic in G/K, we have
(3.5) A((exp Z)∗X0) = AT ((exp Z)∗X0) = (exp Z)∗(ÂX0).
From (3.4) and (3.5), we obtain
(3.6) HExpZ =
∑
α∈△+
mα
√
εα((exp Z)−1∗ (NExpZ))
tan(
√
εα(Z))
+ ĤZ (Z ∈Ma ∩ C).
Take any Z ′ ∈ Ma ∩ ∂C, where ∂C is the boundary of C. Set △Z′+ := {α ∈
△+ |α(Z ′) = 0}. Then it follows from (3.6) and the continuity of H that
(3.7) HExpZ′ =
∑
α∈△+\△Z′+
mα
√
εα((exp Z ′)−1∗ (NExpZ′))
tan(
√
εα(Z ′))
+
1
||Z ′||
∑
α∈△Z′+
mα + ĤZ′ ,
where we note that (exp Z ′)−1∗ (NExpZ′) =
1
||Z′||Z
′. The hypersufaceM is of constant
mean curvature κ if and only if HExpZ = κ (Z ∈ Ma) because M is K-invariant.
We consider the case where G/K is of rank two. Let c : [0, b) → a be the curve
parametrized by the arclength whose image is equal to Ma, where b is the length of
Ma. Then it follows from (3.6) that M is of constant mean curvature κ if and only
if the following relation holds:
−
∑
α∈△+
mα
√
εα(c′′(s)/||c′′(s)||)
tan(
√
εα(c(s)))
+ c′′(s) = κ (s ∈ [0, b)).
This relation is equivalent to the relation (26) of [Hs, Page 164]. W.Y. Hsiang ([Hs])
derived some facts by using the relation (26).
In particular, we consider the case where M is a geodesic sphere. Let S(r)
be the geodesic sphere of radius r(> 0) centered at eK and Sa(r) the sphere of
radius r centered at the origin 0 in a. Assume that r is smaller than the first
conjugate radius of G/K in the case where G/K is of compact type. Then we have
S(r) = K · (Exp(Sa(r) ∩ C)). Denote by N r the outward unit normal vector of
S(r) and Hr the mean curvature of S(r) for −N r. Take any Z ∈ Sa(r) ∩ C. Since
(N r)ExpZ =
1
r (exp Z)∗(Z), it follows from (3.6) and (3.7) that
(3.8) (Hr)ExpZ =

∑
α∈△+
mα
√
εα(Z)
r tan(
√
εα(Z))
+
l − 1
r
(Z ∈ Sa(r) ∩ C)
∑
α∈△+\△Z+
mα
√
εα(Z)
r tan(
√
εα(Z))
+
1
r
 ∑
α∈△Z+
mα + l − 1
 (Z ∈ Sa(r) ∩ ∂C).
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4 Proof of Theorem A
In this section, we shall prove Theorem A stated in Introduction. We use the
notations in Sections 1-3. Let S = (V, (△, {mα |α ∈ △}, ε)), φt and ιr be as in
the statement of Theorem A. Assume that there exists a solution φt (t ∈ [0, T ))
of the (ES) satisfying φ0 = ιr. Denote by ĝt and νt the induced metric and the
outward unit normal vector of φt, respectively. Also, denote by ĥt and Ât the
second fundamental form and the shape operator of φt for −νt, respectively. Define
the sections ĝ (resp. ĥ) of π∗SV (r)(T
(0,2)SV (r)) by ĝ(x,t) := (ĝt)x (resp. ĥ(x,t) := (ĥt)x)
((x, t) ∈ SV (r)×[0, T )), where πSV (r) denotes the natural projection of SV (r)×[0, T )
onto SV (r). Also, denote by ∇̂t the Riemannian connection of ĝt and ∆ĝt the Laplace
operator with respect to ĝt. Define a function r̂t (t ∈ [0, T )) over SV (r) by
r̂t(Z) := ||φt(Z)|| (Z ∈ SV (r))
and a diffeomorphism ĉt of SV (r) by
ĉt(Z) :=
rφt(Z)
||φt(Z)|| (Z ∈ SV (r)).
Then we can derive the following fact for the evolution of r̂t.
Lemma 4.1. The functions {r̂t}t∈[0,T ) satisfies the following evolution equation:
(4.1)
∂r̂
∂t
=
(∫
SV (r)
(||∆ĝtφt||+ ρS,φt) dvĝt∫
SV (r)
dvĝt
− (||∆ĝtφt||+ ρS,φt)
)
× r̂t · ||ct∗(gradtr̂t)||√||gradtr̂t||4 + r̂2t ||ct∗(gradtr̂t)||2 .
Proof. By a simple calculation, we have
∂r̂
∂t
= 〈DS(φt), 1
r̂t
φt〉
=
(∫
SV (r)
(||∆ĝtφt||+ ρS,φt) dvĝt∫
SV (r)
dvĝt
− (||∆ĝtφt||+ ρS,φt)
)
×〈νt, φt〉
r̂t
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Also, by a simple calculation, we have
νt = − ||gradtr̂t||
2
||ct∗(gradtr̂t)||
√
||gradtr̂t||4 + r̂2t ||ct∗(gradtr̂t)||2
· ct∗(gradtr̂t)
+
||ct∗(gradtr̂t)||√
||gradtr̂t||4 + r̂2t ||ct∗(gradtr̂t)||2
· φt.
From these relations, we obtain the desired evolution equation. q.e.d.
The following evolution equation holds for ĥt.
Lemma 4.2. The families {ĥt}t∈[0,∞) satisfies
∂ĥ
∂t
−∆ĝtĥt = ∇̂td(ρS,φt) + Tr(Â2t )ĥt
+
(∫
SV (r)
(||∆ĝtφt||+ ρS,φt) dvĝt∫
SV (r)
dvĝt
− 2||∆ĝtφt|| − ρS,φt
)
ĥt(Ât•, •).
Proof. For simplicity, set ĤSt := ||∆ĝtφt||+ ρS,φt and
H
S
t :=
∫
SV (r)
(||∆ĝtφt||+ ρS,φt) dvĝt∫
SV (r)
dvĝt
.
By a simple calculation, we have
∂ĥ
∂t
= ∇̂tdĤSt + (HSt − ĤSt )ĥt(Ât•, •).
Also, by using the Simon’s identity, we have
∆ĝt ĥt = ∇̂tdĤt + Ĥtĥt(Ât•, •) − Tr(Â2t )ĥt.
From these relations, we obtain the desired evolution equation. q.e.d.
Also, we prepare the following lemma, which will be used in the proof of the
statement (iii) of Theorem B.
Lemma 4.3. Let H
S
t and Ĥ
S
t be as in the proof of Lemma 4.2. The family
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{ĤSt }t∈[0,∞) satisfies the following evolution equation:
(4.2)
∂ĤS
∂t
−∆ĝtĤSt =
∑
α∈△+
mα
√
εα(φt∗(gradĝtĤ
S
t ))
tan(
√
ε(α ◦ φt))
+(H
S
t − ĤSt )
∑
α∈△+
mα
√
ε
2
(α ◦ νt)2(3 cos2(
√
ε(α ◦ φt))− 1)
sin2(
√
ε(α ◦ φt))
.
Proof. The family {ĝt}t∈[0,∞) satisfies
∂ĝ
∂t
= 2(H
S
t − ĤSt )ĥt.
From the evolution equation in Lemma 4.2 and this evolution equation, we have
∂ĤS
∂t
−∆ĝtĤSt =
∂ρS,φt
∂t
+ 3(H
S
t − ĤSt )Tr(Â2t ).
On the other hand, we have
∂ρS,φt
∂t
=
∑
α∈△+
mα
(
−(H
S
t − ĤSt )
√
ε
2
(α ◦ νt)2
sin2(
√
ε(α ◦ φt))
+
√
εα(φt∗(gradĝtĤ
S
t ))
tan(
√
ε(α ◦ φt))
)
.
From these relations, we can derive the desired evolution equation. q.e.d.
By using Lemmas 4.1 and 4.2, we shall prove Theorem A.
Proof of Theorem A. Since Lt := φt(SV (r)) (t ∈ [0, T )) are W -invariant, their
barycenter are equal to the origin 0 of V . Hence the barycenter ξ(t) of Lt is equal
to the origin 0 of V and the diffeomorphisms e(t) in the barysentric system (3.1)
in Page 288 of [AF] are regarded as the identity transformation of SV (1) under the
identification of T0V and V . Hence the left-hand sides of the first and the second
relations in (3.1) are equal to zero. On the other hand, it is clear that the right-hand
sides in the first and the second relations are equal to zero in our setting. Thus the
first and the second relations in (3.1) (of [AF]) are trivial. Also, it is easy to show
that (4.1) corresponds to the third relation in (3.1) (of [AF]), where we regard r̂t
as a function over SV (1) under the natural identification of SV (r) and SV (1). Here
we note that the term E in the right-hand side of (3.1) (of [AF]) vainishes in our
setting beacuse E is defined by E = 〈w, ν − e〉 in Page 283 of [AF] and, in our
setting, w is equal to 0 by the W -invariantness of φt. According to Lemma 3.6 of
13
[AF], there exists a positive constant R0 such that, if r < R0, then the solution r̂t
of the evolution equation (4.1) satisfying the initial condition r̂0 = r uniquely exists
in infinite time. According to the discussion in Page 299(Line 3 from the bottom)-
300(Line 8) of [AF], r̂ti converges to aW -equivariant C
∞-function r̂∞ over SV (1) (in
the C∞-topology) as t→∞ for some sequence {ti}∞i=1 in [0,∞) with limi→∞ ti =∞.
This fact implies that the solution φt of (ES) satisfying φ0 = ιr exists uniquely in
infinite time and that φti converges to a W -equivariant C
∞-embedding φ∞ of SV (r)
into V (in the C∞-topology) as i→∞. The positive constant δ3 (which corresponds
to the above R0) in Lemma 3.6 of [AF] is smaller than the positive constant δ2 in
Lemma 3.2 of [AF] , δ2 is smaller than the half of the positive constant δ1(= δM ) in
Lemma 1.1 of [AF] and δ1 is smaller than the half of the positive constant δ0 defined
in Page 257 of [AF]. Also, according to the definition of δ0 (see P257 of [AF]), we see
that the positive constant corresponding to δ0 is equal to
rS
2 in our setting. Thus R0
is smaller than rS8 . Denote by P (ĥt) the right-hand side of the evolution equation
in Lemma 4.2. Assume that v ∈ Ker (ĥt)Z . We may assume that Z ∈ SV (r) ∩ C
without loss of generality. Then we have
(4.3) P (ĥt)Z(v, v) = (∇̂td(ρS,φt))Z(v, v).
Let γ be the ∇t-geodesic in SV (r) with γ′(0) = v. Then we have
(∇̂td(ρS,φt))Z(v, v) =
d2
ds2
∣∣∣∣
s=0
ρS,φt(γ(s))
=
∑
α∈△+
mα
√εα(∇˜νt◦γ∂∂s |s=0νt∗(γ′(s)))
tan(
√
εα(φt(Z)))
− 2εα(φt(Z))α(νt∗(v))
sin2(
√
εα(φt(Z)))
−
√
ε
2
α(νt(Z))α(∇˜φt◦γ∂
∂s
|s=0φt∗(γ
′(s)))
sin2(
√
εα(φt(Z)))
+
2
√
ε
3
α(φt∗(v))2α(νt(Z))
sin2(
√
εα(φt(Z))) tan(
√
εα(φt(Z)))
)
=
∑
α∈△+
mα
(√
εα(φt∗((∇̂tvÂt)(v))) − ĥt(Ât(v), v)α(νt(Z))
tan(
√
εα(φt(Z)))
−2εα(φt(Z))α(φt∗(Ât(v)))
sin2(
√
εα(φt(Z)))
− εα(νt(Z))
2ĥt(v, v)
sin2(
√
εα(φt(Z)))
+
2
√
ε
3
α(φt∗(v))2α(νt(Z))
sin2(
√
εα(φt(Z))) tan(
√
εα(φt(Z)))
)
,
where ∇˜φt◦γ (resp. ∇˜νt◦γ) is the pullback connection of the connection ∇˜ of V by
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φt ◦ γ (resp. νt ◦ γ). Hence, since v ∈ Ker ĥt, we obtain
(4.4)
(∇td(ρS,φt))Z(v, v) =
∑
α∈△+
mα
√
ε
tan(
√
εα(φt(Z)))
×
(
α(φt∗((∇̂tvÂt)(v))) +
2εα(φt∗(v))2α(νt(Z))
sin2(
√
εα(φt(Z)))
)
.
According to the proof of Lemma 3.6 of [AF], we may assume that
sup
t∈[0,∞)
|||φt(Z)|| < R0, sup
t∈[0,∞)
||φt∗(Ât(v))|| < ε1
and
sup
t∈[0,∞)
||φt∗(v)|| < ||v||+ ε2
for sufficiently small positive constants ε1 and ε2, where we note that the statement
of Lemma 3.6 is done in the spaceW T••. See Page 251-252 of [AF] about the definition
of W T••, where we note that T = ∞ according to the statement of this lemma. By
imitating the discussion in the proof of Lemma 8.3 of [Hu1], it follows from the
above second inequality that
sup
t∈[0,∞)
||φt∗((∇̂tvÂt)(v))|| < ε′1,
where ε′1 also is a sufficiently small positive constant because ε1 is sufficiently small.
Also, we see that α(νt(Z)) ≥ 0 (t ∈ [0,∞)) because the statement of Lemma 3.6 is
done in the spaceW∞•• . Hence, by taking R0 as a sufficiently small positive constant,
we can show that the right-hand side of (4.4) is greater than or equal to zero in all
times. Hence we have P (ĥt)Z(v, v) ≥ 0 (t ∈ [0,∞)). Therefore, since φ0 = ιr is
strictly convex (i.e., ĥ0 > 0), it follows from the maximum principle that ĥt > 0,
that is, φt is strictly convex for all t ∈ [0,∞) and hence so is also φ∞. This completes
the proof. q.e.d.
5 Proof of Theorem B
In this section, we shall prove Theorem B stated in Introduction. We use the no-
tations in Sections 1-4. Let S = (V, (△, {mα |α ∈ △}, ε)), φt and ιr be in the
statement of Theorem B.
First we shall prove the statement (i) of Theorem B.
Proof of (i) of Theorem B. Let φt (t ∈ [0,∞)) be the solution of (ES) satisfying
φ0 = ιr. The existence of this flow is assured by Theorem A. Define a map ft of the
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geodesic sphere S(r) := K · π(SV (r)) in G/K into G/K by
(5.1) ft(kπ(Z)) := kπ(φt(Z)) (k ∈ K, Z ∈ SV (r)).
Denote by Nt the outward unit normal vector field of ft and At, Ht, Ht the shape
operator, the mean curvature and the average mean curvature of ft for the inward
unit normal vector field −Nt, respectively. According to (3.6), we have
(5.2) (Ht −Ht)Nt ◦ π|SV (r) = DS(φt),
where we use the fact that ||∆ĝtφt|| is the mean curvature of φt. Here we note that
((H t−Ht)Nt)x ∈ Tft(x)T (= a = V ) (x ∈ π(SV (r))) and hence (H t−Ht)Nt ◦π|SV (r)
is regarded as a map from SV (r) to V . Since φt (t ∈ [0,∞)) is the solution of
(ES) starting from ιr, it follows from (5.2) that {ft}t∈[0,∞) is the volume-preserving
mean curvature flow starting from the inclusion map ιS(r) : S(r) →֒ G/K. Hence,
since r < R0 by the assumption, it follows from Theorem A that φti converges to a
strictly convex embedding φ∞ (in C∞-topology) as i→∞ for some sequence {ti}∞i=1
in [0,∞) with limi→∞ ti =∞ and that φt (0 ≤ t <∞) remain to be strictly convex
and hence so is also φ∞. Let f∞ be the map the geodesic sphere S(r) into G/K
defined as in (5.1) for φ∞ instead of φt. Since φ∞ is strictly convex, it follows from
(3.4) and (3.5) that so is also f∞. Also, since {ft}t∈[0,∞) is the volume-preserving
mean curvature flow, it follows from Main theorem of [AF] that f∞ is of constant
mean curvature. This completes the proof. q.e.d.
To prove the statements (ii) and (iii) of Theorem B, we prepare the following
lemma.
Lemma 5.1. Let Zmax (resp. Zmin) be one of maximum (resp. minimum) points
of ρS,ιr (hence H0 ◦ π|SV (r)). Then the curves t 7→ φt(Zmax) (t ∈ [0,∞)) and
t 7→ φt(Zmin) (t ∈ [0,∞)) are described as
(5.3)
φt(Z
max) =
(
1 +
1
r
∫ t
0
(H t −Ht(π(Zmax)))dt
)
Zmax (t ∈ [0,∞)),
φt(Z
min) =
(
1 +
1
r
∫ t
0
(Ht −Ht(π(Zmin)))dt
)
Zmin (t ∈ [0,∞)).
Proof. Denote by ĝt and νt the induced metric and the outward unit normal vector
field of φt, respectively. First we shall calculate
∂ν
∂t
. Since 〈νt, νt〉 = 1, we have
〈∂ν∂t , νt〉 = 0. Hence (∂ν∂t )Z is tangent to φt(SV (r)) at φt(Z) for each Z ∈ SV (r).
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Fix (Z0, t0) ∈ SV (r)× [0,∞). Let {ei}l−1i=1 be an orthonormal base of TZ0SV (r) with
respect to (ĝt0)Z0 and ei the tangent vector field of SV (r)×[0,∞) along {Z0}×[0,∞)
defined by (ei)(Z0,t) := (ei)
L
(Z0,t)
((Z0, t) ∈ {Z0} × [0,∞)), where (ei)L(Z0,t) is the
horizontal lift of ei to (Z0, t) (with respect to the natural projection of SV (r)×[0,∞)
onto SV (r)). Then we have
(5.4)
(
∂ν
∂t
)
(Z0,t0)
=
l−1∑
i=1
〈(
∂ν
∂t
)
(Z0,t0)
, φt0∗(ei)
〉
φt0∗(ei)
= −
l−1∑
i=1
〈
(νt0)Z0 ,
(
∂φt∗(ei)
∂t
)
(Z0,t0)
〉
φt0∗(ei)
= −
l−1∑
i=1
〈
(νt0)Z0 ,
∂
∂t
(eiφ)
∣∣∣∣
t=t0
〉
φt0∗(ei)
= −
l−1∑
i=1
〈
(νt0)Z0 , ei
(
∂φ
∂t
∣∣∣∣
t=t0
)〉
φt0∗(ei)
= −
l−1∑
i=1
〈(νt0)Z0 , ei(Ht0 − (Ht0 ◦ π|SV (r)))(νt0)Z0〉φt0∗(ei)
=
l−1∑
i=1
ei(Ht0 ◦ π|SV (r))φt0∗(ei)
=
l−1∑
i=1
ĝt0((gradĝt0 (Ht0 ◦ π|SV (r)))Z0 , ei)φt0∗(ei)
= (φt0)∗((gradĝt0 (Ht0 ◦ π|SV (r)))Z0),
where we use [ ∂∂t , ei] = 0.
Now we shall derive (5.3) in terms of (5.4). It is clear that there exists a C∞-
curve t 7→ Zmaxt (t ∈ [0, ε)) such that Zmax0 = Zmax and that Zmaxt is a maximum
point of Ht ◦ π|SV (r) for each t ∈ [0, ε), where ε is a positive constant. Similarly,
there exists a C∞-curve t 7→ Zmint (t ∈ [0, ε̂)) such that Zmin0 = Zmin and that
Zmint is a minimum point of Ht ◦ π|SV (r) for each t ∈ [0, ε̂), where ε̂ is a positive
constant. According to (5.3), for each t0 ∈ [0, ε), ∂||φt||∂t |(Zmaxt0 ,t0) < 0 and Z
max
t0 is
a minimum point of Z 7→ d||φt||∂t |(Z,t0). On the other hand, according to (5.4), we
have d(νt)dt |Zmaxt = 0, that is, (νt)Zmaxt = (ν0)Zmax (t ∈ [0, ε)). From these facts, we
can derive that φt(Z
max
t ) = λ1(t)Z
max (t ∈ [0, ε)) for some positive funcion λ1 over
[0, ε) and that Zmaxt = Z
max (t ∈ [0, ε)) holds. Similarly, we we can show that
φt(Z
min
t ) = λ2(t)Z
min (t ∈ [0, ε̂)) for some positive funcion λ2 over [0, ε̂) and that
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Zmint = Z
min (t ∈ [0, ε̂)) holds. Hence it follows from (5.3) that
∂λ1
∂t
=
1
r
(
Ht −Ht(π(Zmax))
)
.
and
∂λ2
∂t
=
1
r
(
Ht −Ht(π(Zmin))
)
.
Therefore we can derive
φt(Z
max) =
(
1 +
1
r
∫ t
0
(Ht −Ht(π(Zmax)))dt
)
Zmax (t ∈ [0, ε))
φt(Z
min) =
(
1 +
1
r
∫ t
0
(H t −Ht(π(Zmin)))dt
)
Zmin (t ∈ [0, ε̂)).
It is easy to show that these relations hold over [0,∞). This completes the proof.
q.e.d.
According to this lemma, in the case where △ is of type (a2), the flow φt(SV (r))
is as in Figure 3 or 4 for example. By using this lemma, we prove the statements
(ii) and (iii) of Theorem B.
Proof of (ii) and (iii) Theorem B. Let P be a two-plane in V with Pmax 6= ∅ and
Pmin 6= ∅. Take Zmax ∈ Pmax and Zmin ∈ Pmin,Zmax . According to Lemma 5.1,
φt(Z
max) and φt(Z
min) are as in (5.3). Let θ be the angle between
−−−−→
0Zmax and
−−−−→
0Zmin.
From the convexity of φt(SV (r)), we can derive that the part between φt(Z
max) and
φt(Z
min) of the curve φ∞(SV (r)) ∩ P ∩ C is included by (BV ( rcos θ ) \BV (r cos θ)) ∩
P ∩ C (see Figure 5). From this fact and the definition of θ0, we can derive M ⊂
B( rcos θ0 ) \ B(r cos θ0). Thus the statement (ii) of Theorem B follows. Since r is a
sufficiently small positive constant smaller than R0, maxSV (r) r̂t is sufficiently small
for all t ∈ [0,∞). Hence we have 3 cos2(√ε(α◦φt)) ≥ 1 for all t ∈ [0,∞). Therefore,
according to the maximum principle, it follows from the evolution equation (4.2)
for ĤSt that minSV (r) Ĥ
S
0 ≤ ĤSt ≤ maxSV (r) ĤS0 , which implies that minS(r) Hr ≤
Ht ≤ maxS(r) Hr and hence minS(r) Hr ≤ HM ≤ maxS(r) Hr. On the other hand,
according to (3.8), we have ηmin(r) ≤ Hr ≤ ηmax(r). Therefore we obtain ηmin(r) ≤
HM ≤ ηmax(r). q.e.d.
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Proof of Corollary C. Let θ0 be as in the statement (ii) of Theorem B. Clearly we
have θ0 ≤ θG/K . Hence we obtain the desired inclusion relation from (ii) of Theorem
B. q.e.d.
Proof of Corollary D. Since G/K is of rank two, we have
θG/K =

π
3
(when the root system of G/K is of type a2)
π
4
(when the root system of G/K is of type b2)
π
6
(when the root system of G/K is of type g2).
In the case where △ is of type (a2), it is symmetric for two simple roots with
considering the multiplicities. Hence, in this case, it follows that θ0 in Theorem B
are smaller than or equal to the half of θG/K(= the half of the length of SV (1)∩C),
that is, they are smaller than or equal to pi6 (see Figure 6). Therefore, from (ii) of
Theorem B, we obtain
M ⊂

B
(
2r√
3
)
\B
(√
3r
2
)
(△ : (a2)−type or (g2)−type)
B(
√
2r) \B
(
r√
2
)
(△ : (b2)−type).
q.e.d.
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